Abstract. We review the basic pathology of cyclical neutropenia in both humans and the grey collie, and examine the role that mathematical modeling of hematopoietic cell production has played in our understanding of the origins of this fascinating dynamical disease.
Introduction
Cyclic neutropenia is a rare blood disorder usually diagnosed in children [1, 2, 3] . These children present with a history of regularly recurring fevers, mouth sores and infections. The unique feature of this disease is regularly recurring periods of severe neutropenia, usually at 21-day intervals. In most patients, the blood counts oscillate between the lower limits of normal or about 2.0 × 10 9 /L at the peaks to lows of 0 to 0.2 × 10 9 /L at the nadir. The count nadir usually lasts for 2 to 4 days and more severe symptoms are associated with extremely low blood neutrophil levels for longer periods. Cycling of blood monocytes from normal levels to about two or three times normal also occurs regularly with the peaks of monocytes corresponding closely to the nadir of blood neutrophils (see Figure 1 ). Other blood cells may also cycle, and for this reason the disease has sometimes been called "cyclic or periodic hematopoiesis" [4] .
Although a rare disease, cyclic neutropenia is of broad interest for several reasons. This review summarizes current understanding of the clinical, genetic and molecular aspects of the disorder and illustrates how mathematical modeling created the foundation for our current understanding of the basic mechanisms for this disorder.
2 Clinical, Genetic and Molecular Aspects of Cyclic Neutropenia
Clinical features
Cyclic neutropenia is a life long illness punctuated by episodes of severe and sometimes life threatening infections. The classic clinical features of cyclic neutropenia (mouth ulcers, periodic fever and infections) are usually observed in children before the age of 1, but the time of onset of very regular symptoms may vary [4] . If there is careful observation or maintenance of a daily diary, the periodicity of symptoms can usually be readily plotted. In families with multiple affected members, the disease is more readily recognized than with a sporadic case. Acquired cyclic neutropenia in adulthood has been described, but such cases are very rare [1] . Deep mouth ulcers are the most characteristic clinical feature. They are very painful, often last more than a week and make eating difficult. The ulcers are quite similar to those of patients with aphthous stomatitis, a common condition affecting up to 25% of the general population [5] . However, with aphthous stomititis, the mouth ulcers occur at irregular intervals and the ulcers do not arise and heal synchronically, as occurs in cyclic neutropenia. The distinction between these entities can easily be made by performing serial blood counts; with aphthous stomatitis leukocyte and neutrophil counts are normal [5] .
Patients with cyclic neutropenia develop serious infections [1, 2, 3] . During most neu-tropenic periods, there are symptoms of pharyngitis, sinusitis and otitis and less frequently skin infections and symptoms of a lower respiratory infection. The dread complication is abdominal pain, high fever and hypotension due to bacteremia, most frequently clostridial bacteremia [6, 7] . Myonecrosis, usually due to a mixed bacterial infection in the soft tissues requiring amputation is another severe complication. Before the availability of the hematopoietic factors for treatment, specifically granulocyte colony stimulating factor, the standard treatments for these patients were analgesic washes for mouth ulcers, antibiotics administered promptly to patients presumed to have a bacterial infection, and surgical management for myonecrosis and perforation of colonic ulcers.
Treatment with growth factors
Cylical neutropenia can now be effectively treated with the hematopoetic growth factor called granulocyte colony stimulating factor or G-CSF [8, 9] . G-CSF treatment does not eliminate cycling of blood cells, but minimizes the severity and duration of the periods of neutropenia [9] .
Granulocyte colony stimulating factor is the principal regulator of neutrophil production [10] . It stimulates the formation of neutrophils from hematopoietic stem cells, accelerates the formation of neutrophils in the marrow and stimulates their delivery from the marrow into the blood. In addition, G-CSF enhances the function of mature neutrophils and promotes their survival both in vitro and in vivo [11] .
The cloning of the G-CSF gene and production of this growth factor for clinical use was quickly followed by trials of G-CSF for patients with cyclic and congenital neutropenia and other diseases causing severe chronic neutropenia and susceptibility to infections [8] . A randomized controlled trial demonstrated the effectiveness of G-CSF treatment for these conditions and long-term follow-up studies have demonstrated that most patients respond well with relatively mild side effects. The adverse effects are principally bone pain and headache during the acute phase of treatment [8, 12] . Patients with classic cyclic neutropenia respond readily to G-CSF at relatively low doses of about 2 − 3 µg/kg/day. This treatment shortens the duration of neutropenia. It also shortens the cycle length from roughly 21 to 14 days, an effect that is sustained over long periods of observation. With G-CSF treatment, the characteristic periodic mouth ulcers and fever are virtually eliminated and other signs of infections, and particularly severe infections, are remarkably abrogated. In some patients, osteoporosis may be a long-term complication [12] .
Genetics
Cyclic neutropenia occurs sporadically as an autosomal dominant disorder making disease recognition and genetic counseling important in clinical care [13, 4] . Through family studies and linkage analysis, the mutation causing cyclic neutropenia was localized to chromosome 19 at locus 19p 13.3, the locus for several proteases found normally in the primary granules of neutrophils [14] . Mutations in the gene for neutrophil elastase, referred to as the ELA-2 gene, are now recognized as causing cyclic neutropenia. In family studies, all affected individuals were found to have mutations in the ELA2 gene whereas none of the unaffected members of these families showed mutations [14] .
Reimann and DeBeradinis [15] first reported that cyclic neutropenia is an inherited disease, an observation later confirmed in studies of Australian families by Morley et al. [13] . In families, the severity of symptoms and the severity of neutropenia may vary, but affected family members are generally neutropenic having neutrophil counts <1.5 x 10 9 /L on random counts whereas counts are normal, i.e. > 2.0 x 10 9 /L in unaffected family members [4] . Family studies also suggest that the disease is more severe in children and is ameliorated by unknown factors as they grow older [4] . In adulthood, mouth ulcers and periodic fevers are still common, but it is often more difficult to recognize the regular cycles. Family studies and longitudinal follow-up observations [16] suggest that cyclic neutropenia is not associated with congenital abnormalities or risk of malignant transformations in the hematopoetic system or a risk of other cancers generally [4] . There is also no association with autoimmune disorders or metabolic diseases.
Pathophysiology
Cyclic neutropenia is attributable to oscillatory production of neutrophils and other blood cells by the bone marrow, manifested in the cycling of circulating blood cells [2, 17] . This marrow abnormality is due to defective neutrophil formation with interruption of cell production at the promyelocyte-myelocyte stage, the stage in neutrophil development when the enzyme neutrophil elastase is normally synthesized and packaged in the neutrophil granules [18] . Several recent studies now link the finding of "maturation arrest" and the mutations in ELA2 gene. These studies all point to accelerated apoptosis of myeloid cells at the promyelocyte to myelocyte transition being the primary cellular event leading to the interruption of cell production in cyclic neutropenia. Examination of marrow samples by electron microscopy show cytoplasmic blebbing and autophagy of debris of degenerating neutrophils, features that are not observed in normal marrow samples [18] . Annexin 5 staining and fluorescence activated cell sorting (FACS analysis) show that patients have degenerating cells with exposure of phospholipids on the surface of cells which are usually maintained on the cells' internal surfaces [18] . Transfection studies utilizing several cell lines, as well as normal human CD34 cells, showed that expression of mutant ELA2 leads to the unfolded protein response with up-regulation of the master endoplasmic reticulum chaperone referred to as BiP, a molecular correlate of accelerated apoptosis.
Neutrophil elastase is synthesized and packaged in the primary granules of neutrophils [19] . It is one of the first of a family of proteases synthesized at this stage in neutrophil development, a stage marked by the expression of the surface marker CD 34. Neutrophil elastase is synthesized in the endoplasmic reticulum with a short peptide leader which appears to prevent enzymatic activity of the protein as it is synthesized. This peptide segment is then cleaved at the time of packaging of the enzyme in the primary granules of neutrophils. When released from neutrophils and their granules, neutrophil elastase has broad enzymatic activity. It digests elastin and a variety of other proteins including the hematopoietic growth factors [20] .
In patients with cyclic neutropenia, bone marrow aspiration or biopsy at the onset of severe neutropenia characteristically shows a deficiency of cells in the late stage of neutrophil development [17] . There are fewer than normal myelocytes, metamylocytes, bands and mature neutrophils, a condition often referred to as "maturation arrest." It is significant that the break in cell development is at the pro-myelocyte to myelocyte transition, the stage at which the enzyme neutrophil elastase is normally synthesized and packaged in the primary granules. At the cellular and molecular level, mutant neutrophil elastase triggers accelerated apoptosis, either as a direct effect of the mutant protein or secondary to the unfolded protein response with induction of caspase-independent apoptosis [18, 21] .
Comparisons of cyclic neutropenia and severe congenital neutropenia
Severe congenital neutropenia (SCN) is a similar but more severe disease also attributable in most cases to mutations in the ELA2 gene. In SCN, the ELA-2 mutations are more diverse and the apoptotic process more severe, resulting in lower neutrophil counts and greater susceptibility to infections [22, 23] . Severe congenital neutropenia is also treatable with G-CSF, but it is less responsive, requiring high doses of G-CSF. In addition, SCN may evolve to acute myeloid leukemia [16, 17] . Some patients with severe congenital neutropenia have oscillations in their blood neutrophils and these oscillations are more easily detected when they receive G-CSF therapy [24] .
Genotype-Phenotype Relationships
Recent studies also suggest that there are specific mutations of the ELA2 gene associated with cyclic neutropenia. These mutations are now hypothesized to cause a less severe degree of accelerated apoptosis than those associated with severe congenital neutropenia. Current evidence indicates that the accelerated apoptosis of neutrophils in cyclic neutropenia is a caspase independent process [21] . Cyclic neutropenia and severe congenital neutropenia are recognized as different diseases, but the finding that mutations in the ELA-2 gene can cause both diseases prompted genotype-phenotype studies. The patterns of mutation in the two diseases shown in Figure  2 . Modeling studies suggest that the mutations causing cyclic neutropenia affect the binding of neutrophil elastase to its substrates and natural inhibitors, whereas those causing congenital neutropenia may predominantly affect molecular association and folding for storage in the primary granules [21] . It is not yet clear whether specific ELA2 mutations, particularly those associated with congenital neutropenia, are associated with evolution to leukemia or if the risk of leukemia is an intrinsic risk due to more rapid turnover of progenitor cells as a response to ineffective formation of neutrophils. 
Animal models
Cyclic neutropenia or cyclic hematopoiesis also occurs in grey collie dogs [26] . The canine cycle is about two weeks [27] . The cycles are attributable to oscillations in blood cell production by the marrow and apoptosis of developing marrow cells of the neutrophil lineage [28] . In dogs the disease occurs as an autosomal recessive disorder and is attributable to mutations in the gene for AP3, a protein involved in the trafficking of neutrophil elastase into the primary granules of neutrophils [29] .
The grey collie syndrome was first described in 1967 and is also referred to as the "lethal grey syndrome". Collie puppies are born with a distinctive grey coat color attributable to dilution of the melanin pigment in hair cells which also may be linked to the mutation in the gene for AP3 [29] . They also have oscillations of blood cell production with periods of neutropenia at 14-day intervals. Similar to human cyclic neutropenia, there are oscillations of other cells, most prominently blood monocytes. The marrow changes also parallel the findings in human studies [26] . There is maturation arrest of early myeloid development at the onset of neutropenia. Electron microscopic studies show cellular features of accelerated apoptosis [28] . Canine G-CSF is a very effective long-term treatment [30] . Gene therapy utilizing a lentivirus vector to induce continuous overexpression of canine G-CSF in the collie dogs is also an effective treatment; a single injection of the lentivirus G-CSF construct ameliorates neutropenia and infection for months to years [31] .
Mathematical models
Mathematical modeling of the pattern of oscillation of blood neutrophils and other blood cells in patients with cyclic neutropenia suggests that cyclic neutropenia is attributable to accelerated apoptosis of myeloid progenitor cells. The original model predicted that cell loss at an early stage in neutrophil development combined with long range regulation of the blood supplies would result in oscillation of blood neutrophil levels.
Recent mathematical modeling studies suggest that cycling in blood cell production and blood cell counts may be a general phenomenon associated with ineffective production that primarily affects the early stages of cell development. In Section 3.1 we briefly review these attempts as they focus the work of this section and simultaneously motivate the extensions that we have made. In Section 3.2 we discuss models describing the coupled hematopoietic stem cells and neutrophils, and move on in Section 3.3 to models also containing the platelets and erythrocytes. In Section 3.4 we examine applications to G-CSF therapy.
Early attempts to model cyclic neutropenia
Given the interesting dynamical presentation of CN in both its clinical and laboratory manifestations, it is not surprising that there have been a number of attempts to model this disorder mathematically. The mathematical models that have been put forward for the origin of CN fall into two major categories. Reference to Figure 3 will help place these in perspective. (See [32, 33, 34] for other reviews.)
The first broad group of these models identifies the origin of CN with a loss of stability in the peripheral control loop, operating as a sensor between the number of mature neutrophils and the control of the production rate of neutrophil precursors within the bone marrow (cf. Figure 3 ). This control has been uniformly assumed to be of a negative feedback type whereby an increase in the number of mature neutrophils leads to a decrease in the production rate of immature precursors. The other facet of this hypothesis is a significant delay due to the maturation times required between the signal to alter immature precursor production and the actual alteration of the mature population numbers. Typical examples of models of this type which have specifically considered CN are [36] - [50] , all of which have postulated an alteration in the feedback on immature precursor production from the mature cell population numbers. These models tend to have the generic form
where N represents the density of circulating neutrophils, α is the random rate of loss of neutrophils in the circulation, F is the flux of cells from the stem cell compartment into the recognizable neutrophil compartment of the bone marrow, A is the effective amplification through cellular proliferation within the recognizable compartment, and τ N is the average length of time required to produce mature neutrophils from the entry of stem cells into the recognizable compartment. (The notation N τ N ≡ N (t − τ N ) is used here.) F is typically taken to be a monotone decreasing function of N τ N to mimic the regulatory role of G-CSF. The second group of models builds upon the existence of oscillations in many of the peripheral cellular elements (neutrophils, platelets, and erythroid precursors, see Figure 3 ) and postulates that the origin of CN is in the common hematopoietic stem cell (HSC) population feeding progeny into all of these differentiated cell lines. A loss of stability in the stem cell population is hypothesized to be independent of feedback from peripheral circulating cell types (see below) and would thus represent a relatively autonomous oscillation driving the three major lines of differentiated hematopoietic cells.
[51] analyzed a model for the dynamics of a stem cell population and concluded that one way the dynamic characteristics of cyclic neutropenia might emerge from such a formulation was via an abnormally large cell death rate within the proliferating compartment. This hypothesis allowed the quantitative calculation of the period of the oscillation that would ensue when stability was lost. This hypothesis has been expanded on elsewhere [52, 53] and suggested a qualitative understanding of the observed laboratory and clinical effects of G-CSF and chemotherapy that we now suspect (see below) is incomplete.
Coupled stem cell and peripheral control loops
A number of mathematical models coupled a stem cell compartment with peripheral control loops. In 1998, [54] developed a physiologically realistic mathematical model for granulopoiesis and examined the proposition that CN is due to a loss of stability in the peripheral negative feedback control of neutrophil production. Their model is a general delay differential equation (DDE) system with distributed delays. They were able to conclude that there is no consistent way in which a destabilization of the peripheral loop alone can give rise to the characteristics of CN. It seemed more likely that the oscillations of CN originate from the hematopoietic stem cell population as was originally proposed in earlier work by [51, 52] . Then, [55] modified the general model of [54] by writing out explicitly the form of the control mechanism. In particular, they explicitly estimated the amplification rate of cells entering the recognizable neutrophil precursor pool (including apoptosis) as well as the form of the negative feedback loop mediated by endogenous G-CSF.
They used an oscillatory stem cell input to the neutrophil regulatory system and argued that the origin of the oscillatory behavior in cyclic neutropenia is in the stem cell population, consistent with experimental data and evidence. This would also explain the fact that in CN, other cell lineages oscillate with the same period as the neutrophils [34, 55] .
Those two models naturally lead to the model presented in [56] . The aim of this work was to better understand the origin of cyclic neutropenia in the HSC compartment. In particular, they were interested in the mechanisms by which the oscillatory input suggested in [55] could account for the oscillations seen in cyclic neutropenia. They built a two dimensional delay differential equations (DDE) system in which they replace the previous oscillating input by a stem cell compartment regulated by a negative feedback loop. Hence, the new model has negative feedback loops in both the peripheral loop and the stem cell loop. Using a combination of mathematical analysis and computational tools, they showed that an increased apoptosis rate in the neutrophil precursors leads to oscillations in the HSC compartment.
Description of the model
In Figure 4 , the two compartments of the model are illustrated: the hematopoietic stem cell (HSC) compartment (denoted S) and the neutrophil compartment (denoted N ). The HSCs are assumed to be self-renewing and pluripotential, i.e. they can differentiate into any blood cell lineage. Hence, cells in the resting (G 0 ) phase can either enter the proliferative phase at rate K(S) or differentiate into neutrophils (N ) at rate F (N ). As the neutrophil precursors differentiate, their numbers are amplified by a factor A, which accounts for both successive divisions and cell loss due to apoptosis. It is also assumed that apoptosis occurs during the proliferative phase at rate γ s and that mature neutrophils die at rate α. As can be seen in Figure 4 , the system is controlled by two negative feedback loops. The first one regulates the rate K(S) of reentry of HSCs to the proliferative cycle, and it operates with a delay τ s that accounts for the time required to produce two daughter cells from one mother cell. The second loop regulates the rate F (N ) of HSC differentiation into mature neutrophils. It operates with a delay τ N that account for the transit time through the neutrophil precursor compartment.
Mathematically, this model translates into a two-dimensional delay differential equation (DDEs) form. The equations for the two variables N and S can be written from Figure  4 . For the compartment N , the loss is the efflux to death αN . The production of mature neutrophils is equal to the influx F (N )S from the HSC compartment times the amplification A. However, one needs to take into account the transit time τ N , so that the total production of mature neutrophils is AF (
. This leads to the total rate of change of N :
For the second variable, the loss from the compartment S is the flux reentering the proliferative phase, K(S)S, plus the efflux going into differentiation, F (N )S. The production of S is equal to the flux of cells reentering and surviving the proliferative phase, given by Taken from [56] .
K(S τ S )S τ S e
−γ S τ S , times the cell division factor 2. The dynamics of S is then described by
The feedback functions F (N ) and K(S) are monotone decreasing Hill functions: 4) and
(3.5)
F (N ) controls the number of neutrophils (N ) while K(S) regulates the level of HSCs (S).
The model is sufficiently simple that the authors were able to perform mathematical analysis and a complete bifurcation analysis. In [56] , they performed a complete mathematical analysis of the model that highlighted its dynamical features. Using bifurcation analysis, they showed that the origin of cyclic neutropenia is probably due an increased apoptosis rate in the recognizable and committed neutrophil precursors, leading to a destabilization of the hematopoietic stem cell compartment through a Hopf bifurcation. As a result, the HSCs start oscillating, which provides the kind of oscillatory input to the neutrophil compartment postulated by [55] .
In this model, the effects of the cytokine G-CSF have been included implicitly through the feedback function F (N ) and are based on a pseudo-equilibrium assumption on the kinetics of G-CSF clearance, which is a simplification.
Comprehensive models of the hematopoietic system
As mentioned, both platelet and reticulocyte numbers can show oscillations in CN. This, together with the promise of models such as developed in [56] in explaining the qualitative features of CN, motivated the development of models that include not only the hematopoietic stem cells and the neutrophils, but also the platelets and erythrocytes. The inclusion of the platelets and erythrocytes permits the comparison of the model simulations to observed data, not only because the platelet counts are represented in the model, but because having additional demands on hematopoietic production makes the neutrophil differentiation levels more realistic.
[57] present a comprehensive model that contains these four cell types. The stem cell and neutrophil dynamics are based on the model in [56] , and the erythrocyte and platelet compartments are simplified models based on [58] and [59] respectively. The circulating cells are coupled to each other via their common origins in the stem cells, together with the regulatory feedbacks, which determine how much differentiation there is from the stem cells into each lineage at any time. It is assumed that the numbers of circulating cells in each lineage affect the amount of differentiation into that lineage, as in Eq. 3.2 above, and again, it takes several days for newly differentiated precursor cells to reach maturity. This results in delays in each of the feedback functions. Thus, the model consists of a set of four coupled delay differential questions. The derivation is similar to Eqs. 3.2 and 3.3, with additional delayed feedback loops regulating the erythrocyte and platelet numbers:
Analogous to Eq. 3.4 and 3.5 we have
where the first two functions are the same as in [56] . In the previous equations, Q(t), N (t), R(t) and P (t) denote the circulating number of stem cells, neutrophils, erythrocytes and platelets respectively. A detailed development of this model is given in [57] .
In [60] this model was applied to cyclic neutropenia. The goal was to test whether the hypothesis of [54] and [55] still holds in this new system. The authors used a simulated annealing approach to automated fitting of model simulations to clinical data for both human and gray collie serial neutrophil and platelet counts. The model predicted that realistic CN neutrophil and platelet oscillations can result from an increase in apoptosis among neutrophil precursors. While this was the central change necessary to mimic data, it was also necessary to decrease the rate of differentiation into the neutrophil line and the maximal rate of reentry of the stem cells into the proliferative phase. The authors took the same approach to modeling CN under treatment with G-CSF and found that under G-CSF treatment the rate of apoptosis among neutrophil precursors decreases back to normal levels and the amount of differentiation into the neutrophil line rises. Both are consistent with the effects of G-CSF as described in Section 2.2. In addition, the death rate among the proliferating stem cells must also increase in order for the model to mimic observed oscillations in treated CN. Alterations in stem cell apoptosis may be related to the connections between neutropenia and leukemia (see Section 2.5). Furthermore, changes in the stem cell death rate were previously hypothesized as explanations for the features of treated and untreated CN (see Section 3.1).
The model given in [60] has also been analyzed for its stability and bifurcation structure [61] . It predicted that while the parameter changes resulting from G-CSF treatment will decrease the period of oscillation, they will not always abolish oscillations. This is consistent with observation. Furthermore, the model has several distinct locally stable (and hence possible) periodic solutions, as well as a locally stable equilibrium (see Section 3.4 for a discussion of multistability in the model of [56] ). This presents the possibility that the same individual may experience distinct long-term outcomes as a result of different initial conditions, or different temporary interventions.
The model predicted that changes in the platelet compartment can have long-term effects on the nature of the oscillations. Simulations show that temporarily increasing A P , the amplification parameter in the platelet compartment, will often induce the simulations to jump from an oscillating solution to the coexisting stable solution. Oscillations are thereby abolished. While there are limitations to the clinical applicability of these results because of the difficulties in administering a drug such as thrombopoietin, the ability of the platelet dynamics to affect the long-term behavior of the whole hematopoietic system is theoretically intriguing.
Using mathematical models to explore patterned G-CSF therapy
While G-CSF alleviates the most severe features of CN, it does not in general abolish oscillations in the neutrophils. Furthermore, it is relatively expensive and can have significant side effects. These facts, and the existence of several possible long-term outcomes (locally stable behaviors) for some individuals, motivate modeling the effects of treatment schedules in an effort to better understand how G-CSF may be optimally used.
Optmizing G-CSF treatment with a reduced model
We first show how the model presented in Section 3.2 has been used to study the optimization of G-CSF treatment for grey collies. [62] analyzed this model with respect to G-CSF treatment and studied the efficacy of four different G-CSF treatment protocols for CN; computer simulations predicted that clinically desirable results could be achieved using less G-CSF than would be needed with the standard daily treatment.
As has been mentioned in Section 3.2, there is no parameter in this reduced model that explicitly represents G-CSF. However, [56] showed that by using physiologically relevant parameter values, their model can replicate the characteristics of CN and the effects of G-CSF administration. Mimicking CN can be achieved by increasing the rate apoptosis for the neutrophil precursors, i.e. decreasing the amplification parameter A (which accounts for cell death). To simulate G-CSF in CN the authors modified five of the eleven parameters of the model. First, under G-CSF, apopotosis in both the HSC (decrease γ s ) and the neutrophil precursors (increase the amplification A) was decreased. Second, the durations of both the proliferative phase (decrease τ s ) and the differentiating phase (decrease τ N ) were decreased. where the stability of the fixed point is changed and a small stable periodic orbit is created. This limit cycle exists between T = 0.53 and T = 0.63, before disappearing through a reverse saddle-node bifurcation at point I, together with an unstable limit cycle. This unstable limit cycle exists between T = 0.53 (points I, I ) and T = 1.36 (points II,II'), where it was created through a saddle-node bifurcation. Notice that there is a bistability for T between 0.63 and 1.36. From [62] .
Finally, the differentiation rate F (N ) was increased by increasing the parameter θ 1 , which is proportional to G-CSF production. Thus, in this model there were two sets of parameter values of interest: for a dog suffering from CN (1 parameter modified) and for a CN dog under daily G-CSF treatment (5 parameters modified). For more details about the estimation of parameters, see [56] and [62] .
To obtain more insight into the dynamical features of the model during G-CSf treatment, the authors performed a bifurcation analysis. However, performing a bifurcation analysis with respect to five parameters is hard to interpret and carry out. Hence, the authors assumed that the five parameters were varying linearly between the untreated CN state and the G-CSF treated CN values. They expressed the five relevant parameters (A, θ 1 , τ s , τ N and γ s ) in terms of a new parameter T such that T = 0 corresponds to untreated CN and T = 1 to G-CSF treated CN respectively. Increasing T was therefore associated with increasing G-CSF concentration. In Figure 5 , the bifurcation diagram for N with respect to this new parameter T is presented.
Much information about the dynamical features of the model can be gleaned from Figure  5 . First, at T = 0, the steady state is unstable (dotted line). A large amplitude stable periodic orbit (thick solid line) exists and accounts for the oscillations seen in CN. As T increases toward 1, the steady state becomes stable at the Hopf bifurcation point (point O) and the amplitude of the limit cycle becomes larger and larger while its period decreases (not seen from the figure). This agrees with clinical data since G-CSF administration is generally associated with an increased amplitude and a decreased period of the oscillations [63, 64] . However, some cases have been reported in the literature in which G-CSF treatment abolished significant oscillations [9, 63, 64] . Interestingly, the model accounts for this effect of G-CSF administration. Indeed, at T = 1, one can see that a stable steady state (corresponding to annihilation of oscillations) coexists with a stable large amplitude oscillations (corresponding to large oscillations). This bistability in the system is very interesting since it suggests that by properly designing the treatment administration scheme, one might stabilize the neutrophil count to a desirable level and could potentially reduce the amount of G-CSF required in treatment. In [62] , the authors exploited this bistability and showed that, depending on the starting date of the G-CSF treatment, the neutrophil count could either stabilize or show large amplitude oscillations (see Figure 6 ). Using computer simulations, they also showed that other G-CSF treatment schemes (such as administering G-CSF every other day) could be effective while using less G-CSF, hence reducing the cost of treatment and side effects for patients.
The [56] model grasped the essential features of the system while being simple enough to carry out the detailed analysis and simulations presented in [62] . It gave insight into the dynamics of the system but it had two major shortcomings. First, the model included neither erythrocyte nor platelet dynamics even though clinical data indicates oscillations in those cell lines in CN patients. Thus it is not known if the results would be consistent with observed platelet and reticulocyte data. Second, the simulations did not take into account the pharmacokinetics of G-CSF.
A more sophisticated model
G-CSF is typically injected and moves into the circulation (where it is degraded) and also has a saturable clearance mediated by circulating neutrophils. Due to the importance of G-CSF in treating bone marrow transplant and chemotherapy patients, there have been a variety of mathematical models of G-CSF kinetics [65] - [69] . In the hematological models described above, G-CSF is included implicitly using constant parameters such as neutrophil apoptosis and the maximal rate of differentiation into the neutrophil line [56, 60] .
In [70] a pharmacokinetic model of G-CSF is coupled to the model presented in [60] by tying circulating G-CSF serum levels to the parameters most important in modeling G-CSF. These parameters A N , γ S , θ 1 , which were constant in earlier models, now become time-dependent and are functions the serum G-CSF concentration. The authors begin with model simulations that match neutrophil data for cyclic neutropenic gray collies, and explore the effects of applying different treatment schedules in the new model. The inclusion of G-CSF kinetics affects the structure of the model, adding two more differential equations to Eq. 3.6. Despite this change, the fits to observed data, which resulted from automated fitting in [60] , remain very good. Furthermore, the new model with G-CSF kinetics included preserves the bistability of periodic solutions, along with a locally stable steady solution, of the models in Eq. 3.2 and 3.3, i.e. the model of [56] , and 3.6 from [60] . The preservation of the quantitative fits to data, and the qualitative features of the dynamics, is encouraging. Indeed, these are properties that should be preserved by refinements to the model.
Because the model with G-CSF kinetics included has several locally stable solutions, it has the capacity for the same kind of "branch switching" behavior that Eq. 3.6 has. In other words, different initial conditions or temporary interventions may lead to dramatically different long-term behaviors. In particular, in [70] , the authors explore changing the period of G-CSF treatment (daily, every other day, and every third day). They also explore changing only the time at which treatment is first initiated. They found that both can significantly change the nature of the oscillations. In particular, there was one dog for whom varying only the time within the neutropenic cycle that treatment was initiated significantly reduced the amplitude of oscillations. Figure 7 shows the consequences of different treatment schemes with the model of [70] .
In summary, there are indications from several mathematical models that varying the time of onset of G-CSF treatment, and the schedule of G-CSF delivery, can have surprisingly significant and long-term effects on the neutrophil oscillations.
Discussion and conclusions
Cyclic neutropenia is a perfect example of a dynamical disease-one in which there is a bifurcation (qualitative change) in the dynamics of an underlying physiological process in response to a change in a physiological parameter, c.f. [71] - [73] . In the case of cyclic neutropenia the Figure 7 : Consequences of different treatment schedules in the model of [70] , showing data for the untreated and treated cases in the top plot. The top plot shows daily G-CSF injections, and the lower plots shows simulated oscillations assuming that G-CSF was delivered every 3 days instead of each day. bifurcation is apparently due to a change in the rate of apoptosis in neutrophil precursors that triggers the interesting dynamics seen clinically in humans, and in the laboratory in grey collies.
Here we have reviewed an extensive and rich literature of experimental and clinical observations of this fascinating disease, as well as the attempts by biomathematicians to model and understand the observed dynamics. We hope that we have managed to highlight the torturous and convoluted path of these modeling efforts that eventually led to the correct prediction of the underlying pathophysiological mechanisms operative in cyclic neutropenia.
